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Notes on the Bootstrap

1 Preliminaries

We begin by giving definitions of what we mean by models, model parameters,
and a number of related things. A model is defined as a set of data-generating
processes, or DGPs. A DGP in turn is defined as something that can be sim-
ulated on a computer. Although it is possible for a DGP to be deterministic,
as might well be the case for simulations of complex nonlinear processes, in
econometrics a DGP is usually a stochastic process. Often, a DGP can be
defined for data sets of arbitrary size, and, indeed, for the purposes of the
sort of asymptotic theory usually used in econometrics, it is necessary to be
able to consider what happens when the number of observations in a data set
tends to infinity.

The essential aspect of a DGP is that it is not defined until enough infor-
mation has been specified for a computer simulation to be possible. Thus
all parameter values must be specified, as must all probability distributions
needed to generate the random elements in the simulation. Another aspect
of any DGP that is not purely deterministic is that the data it generates will
be different for different simulations, because the random elements will be
realised differently. Usually, successive simulations will be independent of one
another. However, on a computer, a simulation can be reproduced exactly,
by resetting the seed of the random number generator to the value it had at
the start of the simulation to be reproduced.

When an econometric model is constructed for the purposes of analysing a
given data set, the hope is that the model will be large enough to contain
a mathematical representation of the real-world economic mechanism that
actually did generate the observed data set. If this is so, the model is said to
be well or correctly specified. If not, then, except in some special cases, no
reliable statistical inference can be performed on the basis of estimating the
model.

Models and Parametrised Models

Let us denote a model by M. Then the DGPs in M are usually charac-
terised, at least partially, by a set of model parameters. A parametrised
model is a model M coupled with a parameter-defining mapping, 6, which
takes values in M and maps them into a parameter space, denoted ©, where
© C R for some positive integer k, which is the number of parameters. Thus
each DGP p € M is associated with a k-dimensional parameter vector 0(u).
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The somewhat involved term “parameter-defining mapping” is used because
a parametrisation would be a map from © to M, whereby one could identify
each possible parameter vector with one and only one DGP. A parameter-
defining mapping is not required to be one-to-one, and so the usual case is
that any given parameter vector corresponds to a whole set of DGPs, and
thus constitutes only a partial characterisation.

An easy example of a parameter-defining mapping that is not one-to-one is
provided by the simple linear regression model. This model can be written as

y=XB+ u, E(u|X)=0, E(uu'| X) = 0’1 (1)

In this notation, y is an n-vector each element of which is one of n observa-
tions on a dependent variable. Similarly, X is an n X k matrix of explanatory
variables. Each of its k columns contains the n observations of one of these
explanatory variables. The components of the k-vector 3 are model para-
meters. The n-vector u contains the random elements in the model, often
rather misleadingly referred to as “error terms”. The model specification re-
quires that these error terms have expectation zero and covariance matrix
proportional to an identity matrix, conditional on the explanatory variables.
The constant of proportionality, which is just the error variance, is another
model parameter.

The model (1) is a set of data-generating processes for the dependent vari-
able y. The other variables appearing in the equation are assumed to be
given, and they therefore do not vary from one simulation, or realisation of
the DGP, to another, as suggested by the fact that the distribution of the
error terms is given conditional on them. Such explanatory variables are said
to be (strongly) exogenous. Even with the assumption of exogeneity, it is not
enough to specify the values of the parameters 3 and o2 in order to be able to
simulate (1), because the probability distribution from which the error terms
are to be drawn has not been completely specified. It is common practice to
suppose that the errors are normally distributed, in which case their distri-
bution is fully specified by the first two moments, which are given once o2
is known. But other nonnormal distributions are perfectly compatible with
such a specification of the first two moments. Thus, for any specification of 3
and o2, there is an infinite number of DGPs that satisfy the requirements

of (1).

A statistic is any function of the data generated by a DGP. When one says
“statistic” in the singular, this normally implies that the statistic is a scalar
function of the data. A statistic may, and usually will, depend also on the
exogenous variables that figure in the specification of the DGP. It is often
convenient, however, to ignore this in notation, and denote a statistic simply
as 7(y). A statistic is by construction a random variable, and realisations of
it can be obtained by generating a realisation, y* say, from the appropriate
DGP pu, and computing 7* = 7(y*) as the realisation of the statistic.
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Clearly, the probability distribution of a given statistic 7 depends on that of
the data y, and thus on the DGP pu used to generate y. A statistic 7 is said
to be a pivot, or to be pivotal, for a model M, if its probability distribution
is the same for all DGPs p € M. In other words, the distribution of a pivotal
statistic is invariant with respect to the particular DGP of the model that
generated it. If we suppose that the DGPs in M can generate data sets of
arbitrary size, it will often be the case that the distribution of a statistic
depends on the number of observations, n. The property of pivotalness does
not exclude this possibility: All that is needed is that, for given sample size n,
the distribution of a pivotal statistic does not depend on p € M.

If instead of fixing the sample size, we fix a DGP p € M, we can consider the
asymptotic distribution of a statistic 7. This is just the limiting distribution
of 7 as the sample size n tends to infinity; It is, in short, just the asymp-
totic distribution of the statistic in the usual sense of asymptotic theory. A
statistic 7 is said to be an asymptotic pivot for the model M if its asymp-
totic distribution is the same for all y € M. Most test statistics commonly
used in econometric practice are asymptotically pivotal, with asymptotic dis-
tributions that are standard normal, or chi-squared, or Dickey-Fuller, or the
like.

Tests and Monte Carlo Tests

When we use statistics for testing purposes, the model M corresponds to the
hypothesis we wish to test: Every DGP in M satisfies that hypothesis, called
the null hypothesis, by construction. In testing situations, we usually also
specify an alternative hypothesis. It is then required that the distribution
of a test statistic 7 be different under the null hypothesis and under the
alternative, so that the statistic can be used to discriminate between these
two hypotheses.

In classical testing, the null hypothesis is a special case of the alternative.
The most common example is where a certain parameter is equal to zero
under the null but is different from zero under the alternative. Rather than
formulating the alternative hypothesis with a point removed from it, it is more
convenient to formalise this state of affairs by constructing another model, M;
say, to represent the alternative hypothesis, without cutting out the special
case. Then the model that corresponds to the null hypothesis, M| is a subset
of M;. The distribution of the statistic 7 will usually vary continuously over
the whole of Mj.

In order to test the null hypothesis, one first computes the value of the sta-
tistic from the data y as 7(y). For convenience, we will denote this value
by 7, in order to emphasise that it is a realisation of the statistic 7. Next, one
can either compare 7 with a critical value corresponding to some pre-chosen
significance level, and reject the null hypothesis is 7 is more extreme than
the critical value, or else calculate the marginal significance level, or P value,
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corresponding to 7. The latter approach is preferable, because knowing the
P value associated with a test statistic is more informative than simply know-
ing whether or not the test statistic exceeds some critical value.

Suppose that 7 is computed from data that were generated by a DGP which
does indeed belong to M, and thus satisfies the null hypothesis. We denote
this DGP by pg. Under the DGP pg, 7 has a well-defined distribution, of
course, but, except in very special circumstances, we do not know what this
distribution is. We may well know the asymptotic distribution, but that is
generally only an approximation. If we knew the exact distribution, then we
could compute an ideal P value corresponding to 7. Suppose for simplicity
that we want to perform a one-tailed test. Then this ideal P value is

P(7) = Py (12 7) = 1= Fjo (7), (2)

where F),, is the CDF of 7 under pg. This quantity can be called ideal
because it really is the probability mass in the tail of the distribution of 7
beyond the realized 7. By construction, therefore, if our rule is to reject the
null hypothesis if p(7) is less than some nominal size «, then the probability
of Type I error, that is the probability of falsely rejecting the null when pg is
the true DGP, is exactly «. This follows because this probability is

Pr, (p(7) < @) =Py, (1 — Fuo (7) < @)
=Pr,, (F,(7) > 1 - )
=P, (7> F, ' (1 -a))
=1-Pr,(f <F_'(1-a))
=1-F, (Fu_ol(l —a)) =«

as required.

In general, the probability in (2) depends both on the sample size n and on
the DGP pg. This is not the case if we use asymptotic theory to compute a
P value. Denote the CDF of the asymptotic distribution of 7 by F,s;. The
asymptotic P value associated with 7 is then

Das(T) =1 — Fus(7). (3)

Note that F,,, being asymptotic, cannot depend on the sample size n, and,
further, cannot depend on the unknown true DGP pg. But this means that,
if asymptotic theory is to give the right answer, the ideal p(7) cannot depend
either on n or on pg. Only in that case will p,s(7) equal p(7).

Since po is unknown, we cannot compute (2). But if 7 is pivotal, we can
estimate it by Monte Carlo simulation, because we can simulate using any
DGP at all in M. Since the distribution of 7 is constant across M, it is not



1 Preliminaries 5
1.0F(x)
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1+

0.0 | T T T T T T T z
—4 -3 -2 -1 0 1 2 3 4 5

< Normal CDF

Figure 1. Empirical distribution function based on 100 observations

necessary to know exactly which DGP pg generated the data. In order to
estimate a P value by simulation, then, we choose any DGP, u say, in M, and
make N drawings y;, ¢ = 1,..., N, from it. Typically, N will be a rather
large number. For each ¢, we then compute 7;* as 7(y;). These 7;* allow us to
define an empirical distribution function, or EDF, as follows:

Pe) = 5 Y167 <) @

Here, I(-) denotes an indicator function, equal to one if the argument is true,
and zero if it is false. Thus F'(z) is just the proportion of the N realisations for
which the simulated value of 7 was less than or equal to . Thus the EDF is
a step function, the height of each step being 1/N, and the width being equal
to the difference between two successive values of 7;° when they are sorted in
increasing order.

It can be shown easily, by use of the law of large numbers, that F (x) converges
to the true CDF of 7 under ;s as N — oco. As an illustration, consider Figure 1,
in which the EDF for a particular set of 100 observations on a random variable
distributed as N(0, 1) is shown, along with the true CDF of that distribution,
for comparison.

The EDF F(z) allows us to obtain a simulated P value, which is a simulation

estimate of the ideal P value (2). Replacing the unknown CDF F, by F
gives us the estimate

p(t) =1-F(7). (5)
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By making N large enough, this estimate can be made as accurate as we
wish. It is not in fact necessary to construct the EDF explicitly in order to
compute (5). From the definition (4), we see that

5 = 107 > ). ©

In words, the simulated P value is just the proportion of the realisations 7;*
greater than the value 7 computed from the real data.

Using a simulated P value constitutes what is called a Monte Carlo test.
The idea of a Monte Carlo test is generally attributed to Dwass (1957) and
Barnard (1963). If we wish to conduct a test at level «, it is highly desirable
to choose N so that a(N + 1) is an integer. To see why, suppose that we
sort the N + 1 values, 7 from the data and the N simulated statistics 7',
1 = 1,...,N, in decreasing order. The rank r of 7 in the sorted set can
have N 4+ 1 possible values, r = 0,1,..., N, all of them equally likely under
the null hypothesis. Here, r is defined in such a way that there are exactly
r simulations for which 7 > 7: If » = 0, 7 is the largest value in the set,
if r = N, it is the smallest. Thus the simulated P value p(7) is just r/N.
The Monte Carlo test rejects if r/N < «, that is, if » < aN. Under the null,
the probability that this inequality will be satisfied is the proportion of the
N + 1 possible values of r that satisfy the inequality. If we denote by [aN]
the largest integer that is smaller than aN, it is easy to see that there are
exactly [@/N]+1 such values of r, namely, 0,1, ..., [@N]. Thus the probability
of rejection is ([aN]+1)/(N +1).

Ideally, we would like the rejection probability to be exactly equal to . This
would imply that

o [aN]+1

Nl that is, (N + 1) = [aN] + 1.

This can hold only if a(N + 1) is an integer. Conversely, if a(N + 1) is an
integer, then it follows that [a/N] = a(N + 1) — 1, whence

[aN]+1_a(N+1)—1+1_a
N+1 N+1 S

as desired. Consider a couple of examples. If N were 100 and « were .05,
7 could have 101 possible ranks. If we rejected when its rank was less
than aN = 5, there would be 5 outcomes that would lead to rejection,
r = 0,1,2,3,4, and the probability of rejecting would be 5/101 = .0495.
Notice that, in this case, we would obtain an estimated P value precisely
equal to .05 in one case out of 101. It is clear that, when that happens, the
null hypothesis should not be rejected. Similarly, if N were 101, 7 could have
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Figure 2. Power Loss from Bootstrapping: v = 2.0

102 possible ranks, of which, since aN = 5.05, 6 would lead to rejection. Thus
the probability of rejecting would be 6/102 = 0.0588. Observe that the con-
sequences of making N = 101 are much more severe than the consequences of
making N = 100.

We have just seen that a(N + 1) must be an integer if we wish to obtain an
exact test. Therefore, for o = .05, the smallest possible value of N is 19,
and for @ = .01, the smallest possible value is 99. However, unless computing
costs are extraordinarily high, we almost certainly will not want to use these
smallest possible values in practice. There are two reasons for this. Firstly,
even though using a finite value for N does not affect the level of a Monte
Carlo test, it does affect the outcome of the test. Whether or not we reject
will depend on the output of the random number generator we use as well as
on the data. Secondly, using a finite value for N reduces the power of the
test, often substantially.

To see just how the choice of B affects test power, consider the ¢ statistic for
the null hypothesis that v = 0 in the very simple model

yr=7+u, u~N(01), t=1,...,4.
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Since we know that the exact distribution of the statistic is just #(3) under
the null, the ideal P value (2) can be computed. For Monte Carlo tests
corresponding to different values of IV, the easiest way to proceed is just to
make N drawings from the ¢(3) distribution, and to use equation (6), slightly
modified to allow for the fact that this is a two-tailed test, to obtain p(7).
In Figure 2 there are plotted the results of a simulation experiment, with
400,000 replications, designed to investigate the power loss associated with
various values of N. The true value of v was taken as 2.

The values of N used in the experiment were 19, 24, 39, 49, 79, 99, 199,
and 399, because these values yield valid Monte Carlo tests for many com-
monly encountered values of a. Results are shown only for values of  and N
for which the Monte Carlo test has the correct level. In the Figure, the hori-
zontal axis shows test size, and the vertical axis shows the difference between
the power of the test based on N = oo (that is, on the exact P value) and
the power of the test based on finite values of N. For N < 79, the points at
which power loss is evaluated are shown as balls.

2 Bootstrap Tests

The name bootstrap is based on the same metaphor as that used in computer
terminology to refer to the startup process by which a computer configures
itself for subsequent use. “Pulling oneself up by one’s own bootstraps” is a
rather peculiarly American usage, probably originally meant to signify the
impossible feat of propelling one’s body into the air by pulling up on one’s
shoelaces, or “bootstraps”, in an earlier idiom. The idea seems to be that a
computer gets itself going all by itself when it is turned on, without outside
aid. The metaphor, like all those — to Europeans — incomprehensible American
baseball metaphors, has absolutely no redeeming literary merit, but, if nothing
else, it serves to recycle a word, “bootstrap”, that would otherwise disappear
from the language as obsolete. It is probably best to treat the word as new,
forgetting that it once meant something else.

The original bootstrap idea was that a sort of Monte Carlo experiment could
be performed in which the error terms or other random quantities are drawn,
not from a distribution specified by some model, such as the normal distri-
bution, but rather from the empirical distribution function of their sample
counterparts. Obtaining artificial samples in this way is a special case of
what is called resampling; see Efron (1979). Another well-known resampling
technique is called the jackknife, by use of another ridiculous metaphor, this
time for something that has shown itself to be useful. It will be useful at this
point to interrupt our development of the bootstrap to discuss what is meant
by resampling, and why it might be interesting.
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Resampling

Let us begin with a simple case, in which we have a sample of n observations
that are supposed to be IID drawings from some unknown distribution. As
above, we denote this sample by the n-vector y. Usually, we will be inter-
ested in some statistic 7(y). As for a Monte Carlo test, we wish to obtain a
simulation-based estimate of the distribution of 7, but we do not know what
distribution to use in order to generate the simulated data vectors y;. In-
stead, we draw the y; from the empirical distribution of the data, that is,
the discrete distribution characterised by the EDF of the n elements of the
vector y that constitutes our original data set:

n

Pla)= - I < )

t=1

Here, y; is a typical element of y. It will be convenient to denote by [ the
DGP that generates drawings from this empirical distribution.

In order to generate data using fi, we can employ the procedure known as
resampling. For a data set of size n, this involves making n successive drawings
from the set {y:}7_, with replacement. It is necessary to replace elements so
that the successive drawings are mutually independent drawings from the
same distribution. Data generated in this way constitute what is called a
bootstrap sample. Each bootstrap sample will contain some of the original
n observations more than once, and others of them not at all, in a completely
random order. Drawing a bootstrap sample is very easy. Let y; denote the
4P observation of a bootstrap sample. To obtain yj, we generate a random
integer k£ that takes on the values 1,...,n with equal probability, and then
set y; to yx. Repeating this operation n times yields a complete bootstrap
sample y* We can then calculate the bootstrap statistic 7* as 7(y*).

By making a large number of drawings from /i, we can compute a bootstrap
P value by the formula (6). In the case of a Monte Carlo test, the simulated
P value tends to the ideal P value (2) when N — oco. However, this is not true
for a bootstrap P value, because we use [i rather than the true DGP pg, and,
even if 7 is a pivot for a given model, we cannot expect that its distribution will
be the same under a discrete DGP like ji as it would be under . Incidentally,
it is conventional to use B rather than N to denote the number of bootstrap
samples used in an experiment, and we will henceforth use this conventional
notation.

Although a bootstrap P value differs in general from the ideal P value (2) even
when B — oo, it can be justified asymptotically, in the limit when the sample
size, n, tends to infinity. In that case, if the original data y are generated by
the DGP g, the EDF of the elements of y tends to the true CDF, F' say,
of those elements, by the law of large numbers. Consider now a bootstrap
sample y* of m elements, for arbitrary m. Each element of y* is drawn
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from a distribution that approaches F' as n — oo. Thus the distribution of
a bootstrapped statistic 7* approaches the distribution it would have if the
data were generated by ug.

Normally we set m = n, because we calculate the statistic 7 using the
n-vector y. Thus m tends to infinity with n, and the bootstrap distribu-
tion of the 7 tends to the distribution with CDF F,,. Since the distribution
of 7 itself also tends to this distribution, we conclude that, in the limit as
n — 00, the distributions of the statistic under uo and f coincide, so that the
bootstrap P value coincides with the ideal one. This asymptotic argument
applies to any statistic 7 under weak smoothness conditions: We obviously
require that the distribution of 7 varies smoothly with the distribution of the
elements of y.

Now suppose that we wish to work in the context of a model M. Provided
a statistic 7 satisfies an appropriate smoothness condition, we have just seen
that the bootstrap P value is asymptotically equal to the ideal one, whether
or not 7 is a pivot for M. This remark is the fundamental justification for
the use of the bootstrap, for all sorts of purposes, not just for hypothesis
testing. The original motivation seems to have been a desire for robustness
of inference: Since pg is unknown, and since any model we study may well
not contain pg, it may well be safer just to estimate pg by a DGP [i based on
resampling if we wish to obtain robust estimates of some aspect, a standard
error for instance, of the distribution of a statistic or estimator. It appears
that, under a weak regularity condition, this is just fine asymptotically. Note
that any quantity that has to be estimated within the context of a model M
cannot be pivotal, for otherwise its value, being the same for all DGPs in the
model, would be known.

The IID context is of course very restrictive. To give at least an indication
of how resampling can be used in more general contexts, let us consider a
possibly nonlinear regression model

ye =2¢(8) +ug, t=1,...,m, (7)

where any variables on which z;(3) depends are assumed to be fixed or at
least independent of all the u;. If these are assumed to be IID, the natural
approach is to bootstrap by resampling the residuals. With this approach, one
first estimates the model (7) by NLS, so as to obtain parameter estimates ,@
and residuals ¢, t = 1,...,n, and then sets up the bootstrap DGP as

A

yr = 2¢(B) +up, t=1,...,n, (8)

where the u} are drawn randomly with replacement from the set i, ..., 4,. If
z¢(B) depends on the lagged dependent variable, y;_1, this approach can still
be employed, but then the lags y; ; must be used in (8) in place of the y;_q
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from the original data. Thus each y; will be computed recursively, since it
depends on y;_;. This in turn poses the problem of how to start the recursion.
Since one often omits the first observation in running regressions with a lagged
dependent variable, one solution is just to use the first observation, y;, from
the original data in each bootstrap sample. Another might be to compute the
stationary distribution of the y; and to draw from that. However, it may be
the case that no stationary distribution exists, or, if it does, it may depend
on the model parameters. In the latter case, 8 would be used.

Parametric Bootstrap Methods

As more has been learnt about the bootstrap over the years, the focus has
tended to move away from robustness towards accuracy. Monte Carlo tests
can provided exact inference, up to simulation error, when exact pivots are
used, and it is plausible to think that the bootstrap, which is also a simula-
tion method, should do the same. This is in fact the case if the parametric
bootstrap is used.

The parametric bootstrap makes no use of resampling in setting up the boot-
strap DGP. Rather, a fully parametric model (M, ) is used, with a one-to-one
parameter-defining mapping 6. The first step is to obtain estimates 8 of the
model parameters, by least squares, or maximum likelihood, or some other
appropriate estimation technique, and to compute the value 7 of the statistic,
which may or may not be pivotal, on which one wishes to base inference. Next
the bootstrap DGP [ can be set up as the DGP characterised by the esti-
mated parameters 8. This DGP is uniquely determined because we assumed
that @ is one to one. A large number B of bootstrap samples are generated
from [i; for each of these a bootstrap statistic 7* is computed; a bootstrap
P value is computed using (6).

If 7 is exactly pivotal, then the distribution of the 7* will be the same as
that of 7 itself under any DGP in M, because the bootstrap DGP [ belongs
to M by construction. There is thus no difference, other than a terminological
one, between a Monte Carlo test and a bootstrap test in this case. Although
the case of an exact pivot is rather special, it has numerous applications in
econometrics. For example, in univariate linear regression models with normal
errors and regressors that can be treated as fixed, any specification test that
depends only on the residuals and the regressors will be pivotal. This includes
a great many commonly used diagnostic tests. Thus, provided the assumption
of normal error terms is maintained, all of these commonly used tests can be
made exact by using the parametric bootstrap.

Suppose next that 7 is only asymptotically pivotal, without being an exact
pivot. The parametric bootstrap can still be applied, using the method out-
lined above. We will see that doing so leads to inference which, unlike that
provided by exact pivots, is not exact, but is nevertheless better, in a sense
to be defined, than inference based on an asymptotic P value. Intuitively,



12 R. Davidson, Notes on the Bootstrap

this is because the bootstrap DGP generates bootstrap statistics for the same
sample size as that of the original data, and so is in error only because the
parameter estimates 6 are not equal to the true parameters. This remaining
error is small for two separate reasons: First, the estimates, being consistent,
are close to the true parameters, and, second, since the distribution of an
asymptotic pivot does not vary as a function of the model parameters in the
limit of large sample size, it varies only slightly in finite samples. Thus the
error in the bootstrap distribution results from the effect, small even for large
parameter differences, of the small estimation error. This argument will be
presented more formally later, and specific examples will be given to show
that the parametric bootstrap usually behaves very well indeed in standard
econometric applications.

An important example of the parametric bootstrap is provided by the nonlin-
ear regression model, which is a fully specified model if we specify the error
distribution. We take for our null hypothesis the model

y=z(08) + u, u ~ N(0,0%1), 9)
and our alternative hypothesis will be represented by the model

y=x(8,7)+u, (10)

where we assume that the x(8) of (9) equals x(3,0) with the = of (10), so
that the null is nested in the alternative. We assume that 3 is a kq-vector,
that « is a ky-vector, and that k = ky + ko.

There are many test statistics that could be used to test (9) against (10),
and all of them can be bootstrapped. Ome that is simple to describe is the
pseudo-F’ test: one estimates both (9) and (10) by NLS, and saves the sums
of squared residuals from these as SSRy and SSR; respectively. The test

statistic is then
SSRO — SSRl n—k

F=
SSRy ko

(11)

where as usual n is the sample size. The realized value of statistic F can then
be compared against the F'(kq, n — k) distribution, or else it can be multiplied
by ks and then compared against the asymptotic x2(ks) distribution. Either
of these procedures leads to a P value with only an asymptotic justification,
and, in general, neither yields exact inference.

A possible choice for the bootstrap DGP is:
y=2(8,0)+u, u~N(0,5T), (12)

where 3 is the vector of estimates obtained by estimating (9) with the re-
strictions 4 = 0 imposed, and G2 is restricted error variance estimate. There
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are two points to be made about this choice of bootstrap DGP. The first is
just that it satisfies the null hypothesis. This is obviously necessary, since
any P value at all is based on the distribution of the test statistic under the
null. The second is that it uses the restricted estimates 3. We would have
a bootstrap DGP satisfying the null if we were to use the unrestricted esti-
mates ,é obtained by estimating (10), simply setting to zero the parameters
~ that appear only under the alternative. This second bootstrap DGP is in
fact valid, but it can be shown that it leads to somewhat less good inference
than the choice (12).

The next step in the bootstrapping is to draw B bootstrap samples from the
bootstrap DGP i given by (12). For this, we may first evaluate the vector
of regression functions x(3,0), using the values of the exogenous variables
observed in the original data, and the estimates 3. Next, for: =1,..., B, we
draw the vector u} of error terms for the i*" bootstrap sample, by using a
random number generator to provide n independent N (0, 1) random variables,
and then multiplying each of these by & so as to give them variance 2. The
“data” y; for the i*? bootstrap sample are then computed by the formula:

y; = =(B,0) + u;.

Next, for each 7 = 1,..., B we repeat whatever testing procedure we used with
the original data. For the pseudo-F' test, we run the two nonlinear regressions
(9) and (10) using y; in place of the observed y. We compute the two sums
of squared residuals, and then the bootstrap test statistic F* by formula (11).
Finally, the bootstrap P value is computed using (6) with F' and F}* in place
of 7 and 7}*.

The method discussed above should be contrasted with the way in which the
bootstrap was used 15 years ago, say. Then the commonest procedure was to
use a confidence region. For ease of exposition, we will suppose that - is just
a scalar parameter 7, so that we can argue in terms of confidence intervals
rather than regions. The first step would be to estimate, not (9), but (10),
so as to obtain the unrestricted estimate 4. Then the bootstrap DGP would
almost certainly be based on resampling the residuals from (10), using 8 in
the regression function. In fact, in some procedures the parameters of the
bootstrap DGP are (,@, %), but this complicates matters unnecessarily, and we
will not discuss this further.

The next step would be to obtain a bootstrap estimate of the standard error
of 4. For each bootstrap sample, 4* would be calculated, and the standard
error of the set of bootstrapped statistics, o* say, would be used to construct
the confidence interval [¥ — co,0*,% + co0*], where ¢, would usually be the
critical value of the N(0,1) distribution appropriate for a significance level
of a.

A somewhat more sophisticated approach is the percentile method. Here the
limits of the bootstrap confidence interval are given in terms of the quantiles
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of the distribution of the set of bootstrapped 4*. The method of using these
quantiles to obtain a confidence interval turns out to be surprisingly contorted,
and we discuss it no further. Note that both the method based on a bootstrap
standard error and the percentile method bootstrap 4, which is by no means
a pivotal quantity.

Somewhat more recently, the so-called percentile-t method has gained favour.
In this method, the bootstrap DGP would use (3,%) as parameters. Once
more, the implementation of this method is distinctly tricky, and not all au-
thors have carried it off correctly. For a full discussion of the merits and
otherwise of these methods, see the introduction to Hall’s (1992) classic book,
in which much of the more modern theory of the bootstrap is set forth. It
is probably fair to say that all these earlier bootstrap methods were harder
to implement than the one we used here, and that they give less reliable
inference.

3 Bootstrap Refinements

Counsider a test based on a statistic 7 that is asymptotically pivotal for a
model M. The asymptotic P value is given by (3), and it is based on the
asymptotic distribution of 7 under any DGP p € M. For what follows, we
will denote the asymptotic CDF simply as F. At nominal level o, then, the
asymptotic test rejects if

1-F(7) < a.

We introduce the P value function, or PVF, as a measure of the true rejection
probability:
S(a, p) =Pr,(1 - F(1) < a). (13)

The notation S signifies that the function gives the (true) size of the test at
nominal level o under p. In addition, S(-, u) is the CDF of the asymptotic
P value under u. The difference between S(«, ) and « will be referred to as
the P value discrepancy function. It is implicitly defined by the equation

S(a, ) = o+ n"s(a, ), (14)

where [ > 1 is defined so that s(a, u) will be O(1). Results discussed in Hall
(1992) imply that the value of [ will be different in different cases. In the case
of a one-sided test based on an asymptotically N(0,1) statistic, [ = 1. In the
case of a two-sided test based on an asymptotically N (0, 1) statistic and the
case of an asymptotically x? statistic, | = 2. Where no ambiguity is possible,
we will often refer to the function s itself as the P value discrepancy function.

If each DGP p € M is fully characterized by a parameter vector 8, the P value
function can be written as S (c, 8). Suppose that a data set actually generated
by 0y yields estimates @. Then the parametric bootstrap DGP is characterized
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by 6. The probability of rejection by the asymptotic test can be calculated
under the DGPs corresponding to both 6 and 6. From (13) and (14), the
difference between the two probabilities is

S(a, 8) — S(e, 89) = n"(s(cr, ) — (v, 0p)).

If s is differentiable, it can be Taylor expanded around 6, to obtain

A

S, 0) — S(a,00) = n""?sg (v, 85) (8 — 0p), (15)

where sg(a, 69) is the vector of first derivatives of s(a, @) with respect to 6,
evaluated at Oy. If @ is root-n consistent, the quantity on the right-hand
side of (15) is of order n~(+1)/2 " Thus the bootstrap approximation to the
distribution of 7 is in error only at order n~(+1)/2 better than the error of
the asymptotic uniform distribution by a factor of n=1/2. To the best of my
knowledge, this analysis first appeared in Beran (1988).

The argument of the previous paragraph establishes that, when used with
an asymptotic pivot, the parametric bootstrap provides an asymptotic re-
finement relative to the asymptotic test. Note that, if the statistic were not
asymptotically pivotal, the leading term in (14) would not be independent
of p, and so the leading term in (15) would not have a factor of n=%/2. The
bootstrap P value would thus be in error at order n=/2, no better than the
asymptotic test.

The information contained in the function S(, u) is also provided by the
critical value function, or CVF, Q(«, i), defined implicitly by the equation

Pr, (7> Q(a, p)) = . (16)

Q(a, p) is thus the true level-a critical value for 7 if the DGP is p. It is easy
to see that the relation between the PVF S(a, 1) and the CVF Q(a, p) is

S(l - F(Q(OJ, ,U,)), ,LL) =, (17)

and that the rejection region for the bootstrap test of nominal level « is

T 2> Q(a7 ﬂ)’ (18)

so that the rejection probability of the bootstrap test under any DGP p is the
probability of the event (18) under u.

In the parametric case, the DGP p € M is completely characterised by the
parameter vector @, and so we can, at least in principle, graph the CVF as
a function of 6. As an illustration, Figure 3 shows the CVF, for a = .05,
for a hypothetical nonpivotal test statistic, asymptotically distributed as the
absolute value of N(0,1), for a model the DGPs of which are characterized
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Figure 3. A Critical Value Function

by a single parameter 0. It follows from (18) that the rejection region of the
bootstrap test can be defined in the space of 0 and T, as the region above the
graph of the CVF.

The rectangle above the horizontal line marked @(.05,0) in the figure shows
all (7, 0) pairs that would lead to rejection at the .05 level when 6y = 0 if the
ideal P value (2) could be used. In contrast, the area above the CVF shows
all pairs that actually will lead to rejection using a bootstrap test. The effect
of the difference between the two rejection regions on the performance of the
bootstrap test depends on the joint distribution of 7 and 6. For comparison,
the rectangle above the dotted line shows all pairs that lead to rejection with
the asymptotic critical value Q°°(.05) = 1.96. Clearly, the bootstrap test will
work much better than the asymptotic test.

From Figure 3, we see that, when 6y = 0, the bootstrap test may either over-
reject or underreject. For values of § reasonably near 0, it will overreject when
f < 0. For those values of 8, the CVF is below Q(.05,0), and the bootstrap
critical value will consequgntly be too small. Slmllarly, the bootstrap test
will underreject whenever 6 > 0. If 6 is approximately unbiased and not very
variable, these two types of errors should tend to offset each other, since the
CVF is approximately linear near § = 0. In contrast, near the minimum 6,
and the maximum 62, all the errors will be of the same sign. Thus we would
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expect the bootstrap test to underreject when 6y = 6; and to overreject when
00 = 02.

Figure 4 graphs the PVF S(.05,60) for exactly the same one-parameter case
as the CVF in Figure 3. Both functions evidently convey essentially the same
information.

It is convenient for our analysis to work, not in terms of a statistic which
rejects when its value is too large, but rather in terms of the asymptotic
P value 1 — F(7), which we henceforth denote simply by 7. The sign of the
inequality in (16) must be changed, because one rejects when a P value is less,
rather than greater, than a given value. For statistics 7 that are asymptotic
P values, the CVF is defined by

Pr, (7 < Q(a,p)) =

rather than by (16). Clearly, Q(«, ) is now the o quantile of 7 under pu.
Similarly, (13) simplifies to S(c, p) = Pr,(7 < ), and (17) reduces to

S(Q(a7/1’)7/1') =, (19)

from which it is clear that Q(«, p) is the inverse function of S(«, i) for given p.
Since both S and @ are increasing in their first arguments, (19) implies that
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Q(S(oz, ), ,u) = «a. Analogously to (14), we have

Qa, p) = a+n""q(a, ), (20)

with the function g of order unity. The [ in (20) is the same as the [ in (14).

Equations like (14) and (20), expressed in terms of negative powers of n, do
not look very much like the Edgeworth expansions about the standard normal
density used in, among others, Hall (1992). They are, however, fundamentally
similar, the differences being due to our use of statistics that are asymptot-
ically uniform on [0, 1], rather than standard normal. The uniform density
turns out to be better adapted to the study of size distortion.

The bootstrap critical value for 7 at nominal level « is Q(«, 1), a random
variable that is asymptotically nonrandom and equal to a. For given «, it is
convenient to define a new random variable 7y, of order unity as n — oo, as
follows:

Q(a, 1) = Q(av, po) +n %%y, (21)

where k is chosen to make (21) true. For the parametric bootstrap with
root-n consistent estimates, Beran’s argument in the last section implies that
k =1+ 1. In fact, this is also true for the nonparametric bootstrap whenever
Hall’s Edgeworth expansion theory applies. In both these cases, (15) shows
that S(a, 1) — S(a, o) is O(n=+D/2) as must also be Q(a, 1) — Q(a, po)-
Thus, since [ > 1, we can be confident that £ > 2 in most cases of interest.
Clearly, what is needed is that we should be able to write (20) not only for
i1 € M but also for the discrete-valued DGPs i that are used as nonparametric
bootstrap distributions. Then, provided that i — po = O(n~'?), Q(a, j1) —
Q(v, o) will be O(n~(+1)/2) under standard regularity conditions.

In order to calculate the rejection probability of the bootstrap test under the
DGP pg, we need the joint distribution under pg of 7 and . The PVF S(-, o)
is the marginal CDF of 7. For the joint distribution, we also need the dis-
tribution of 7 conditional on 7. Thus let g(y | 7) be the conditional density
under po. With this specification, we can compute the bootstrap rejection
probability as the probability under po that 7 < Q(«, fz). By (21), this is

0o Q—}-n*k/Qw
/_ dy / ds(r) gy | 7). (22)

where, for ease of notation, we have set Q@ = Q(«, po) and S(7) = S(7, uo)-

The integral over 7 in (22) can be split into two parts, as follows:

[Ciso) [~ st [ [ wrsi@e ot @, @9
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where S’ is the derivative of S(7). Because g is a density, the integral over ~y
in the first term of (23) equals 1, and so the whole first term equals «, by (19).
The size distortion, or error in rejection probability, is therefore given by the
second term in (23). By (14), S'(Q +7) = 14+ O(n~'/2). Thus, if g is smooth
enough, we may write the second term of (23) as

n"“/Z/OO dyy (9(v] @) +O(n™2)) (1 +0(n™"?))

—0Q0

. / dyyg(v] @) + O(n=*+0/2) (24)

—00

Expression (24) is the size distortion of the bootstrap test. The first term
is O(n=*/2), in accord with Beran’s (1988) analysis for asymptotic pivots.
We now go beyond his analysis by exploiting the explicit expression in (24)
for the leading-order distortion.

The leading-order term in (24) is the expectation, conditional on 7 = a,
of Q(a, t) — Q(a, o). Thus it is the bias, conditional on 7 = «, of the
bootstrap critical value for nominal level a. When this bias is nonzero and
of order n=%/2, it is responsible for the leading-order size distortion of the
bootstrap test. But if it is zero or of lower order, the size distortion is of lower
order, because, in that case, those i which overestimate the critical value will
on average be balanced to leading order by those ji which underestimate it.
Specifically, if
oo .
/ dyvg(y | @) = 0(n"/?),

— o0
for i < k, the distortion (24) is of order n~(¢+%9)/2,

The actual value of k£ in specific testing situations can often be found in the
existing literature on bootstrap confidence intervals, because the limits of
these intervals are defined in terms of quantiles of the bootstrap distribution,
which is precisely what Q(«, f1) is. For instance, in Section 3.6 of Hall (1992), it
is shown that, for a symmetric confidence interval based on an asymptotically
standard normal statistic, the exact and bootstrap critical values differ only
at order n=3/2. In our terms, k = 3. Hall goes on to show that the coverage
error of a bootstrap confidence interval is of still lower order, namely, n~?2
in general. Examination of Hall’s derivation of this result reveals that the
additional refinement is due, as (24) would suggest, precisely to the fact that
the bias, or expectation of the difference between the true and bootstrap
critical values, is of lower order than the difference itself.

In fact, the interpretation of the leading-order term of (24) as a conditional
expectation makes it obvious why it vanishes for a symmetric two-tailed test.
The condition that 7 = « corresponds to two possibilities for the underly-
ing asymptotically standard normal statistic: it may be equal to either the
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positive critical value or its negative. Under the null, because the test is
symmetric, these events are equally probable to leading order. If v and the
asymptotically standard normal statistic have an approximate bivariate nor-
mal distribution, as they do in Hall’s demonstration, then the expectations
of v conditional on the two critical values, positive and negative, are equal
and opposite in sign. Thus the expectation of v conditional on 7 = « vanishes
to leading order.

A Further Refinement

In general, without any requirement of a symmetric two-sided test, the first
term in (24) will vanish to leading order if a further condition is satisfied.
This condition is that v and 7 should be asymptotically independent.

The asymptotic independence of v and 7 can often be achieved by using
the fact that parameter estimates under the null are asymptotically indepen-
dent of the statistics associated with tests of that null in a wide variety of
circumstances. If @ is an extremum estimator that satisfies first-order condi-
tions in the interior of the parameter space of the null hypothesis, the vector
nt/ 2(0“ — 6y) will be asymptotically independent of any classical test statistic.
For the case of the classical test statistics based on maximum likelihood es-
timation, a detailed proof of this may be found in Davidson and MacKinnon
(1987). The proof can be extended in regular cases to NLS, GMM, and other
forms of extremum estimation.

Thus, for the parametric bootstrap, the condition of asymptotic independence
of 7 and v will always be satisfied, provided the parameters are estimated un-
der the null and have the usual asymptotic properties. This is because Q(«, f1),
and hence 7, is simply a function of the vector of parameter estimates, and is
thus asymptotically independent of the test statistic 7.

Asymptotic independence can often be achieved with little trouble for the non-
parametric bootstrap as well. As one example, consider bootstrapping a test
statistic in a linear regression model that includes a constant term by resam-
pling from the residuals. Here, in order to achieve asymptotic independence,
the bootstrap DGP would be based on estimating the model under the null.
The bootstrap regression function would be given by the fitted values, which,
as before, are asymptotically independent of any classical test statistic, and
the bootstrap error terms would be independent drawings from the empirical
distribution of the residuals, u;. Now consider a t statistic on a variable not
included under the null. Asymptotically, it will be a linear combination of the
residuals, and so not independent of the bootstrap distribution. To leading
order asymptotically, it will have the form

n n n
r=n"12 E riug, Where E z; =0 and E xf =1.
t=1 t=1 t=1
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The quantiles of the bootstrap distribution are determined by the empirical
distribution of the residuals. Consider the asymptotic covariance of 7 and the
empirical distribution function evaluated at z. It is

n

lim E(n_l/2 thut, n~1/? Z(I(Ut <z)—E((u; < z)))), (25)

n—00
t=1

Since the residuals are asymptotically IID, (25) becomes

lim n~* thE<ut(I(ut <z)—E(I(us < z)))) =m lim n~! th =0,

where m = E (us (I(us < 2) — E((I(us < 2)))) is independent of ¢. Since both
7 and the empirical CDF are asymptotically normal, they are asymptotically
independent because their asymptotic covariance is zero. This kind of result
can be obtained much more generally, of course.

Suppose now that v and 7 are asymptotically independent. Then the condi-
tional density of v becomes

gy | 7)=g() (1 +n72f(y,7)),

where g(y) is the asymptotic marginal density of v, and j > 1 is chosen so
that f(vy,7) is of order unity as n — oc.

For any valid bootstrap procedure, that is, one that satisfies the weak smooth-
ness condition mentioned earlier, g(c, i) must be a consistent estimator of
Q(aa /1'0)7 so that

/oo dyvg(y) =0,

— 00

for otherwise ¢(a, 1) would be asymptotically biased. Then (24) becomes

n—(k+j)/2/ dv v 9(y) f (7, @) + O(n~*+i+1/2), (26)

— 00

The interpretation of (26) is the same as that of (24). The first term is the
bias, conditional on 7 = «, of the bootstrap critical value at nominal level c.
When k = 2 and j = 1, this term will be O(n=3/2).

The various refinements discussed should by now make it clear why we chose
to implement the parametric bootstrap of a regression model in the way we
did. First, by bootstrapping the pseudo-F' test, which is an asymptotic pivot
under the null hypothesis, we ensure that the first refinement will be avail-
able. Second, by setting up the bootstrap DGP so as to depend only on



22 R. Davidson, Notes on the Bootstrap

the parameter estimates under the null, we guarantee that the second refine-
ment will also be available, because the pseudo-F' statistic is asymptotically
independent of those parameter estimates.

Before concluding this section, we may note that the analysis above is to
be found in Davidson and MacKinnon (1996a). A similar analysis can be
applied to the power of bootstrap tests, and this can be found in Davidson
and MacKinnon (1996b). The principal result of the power analysis is that,
on a proper size-corrected basis, the power of a bootstrap test differs from
that of the corresponding asymptotic test at the same order as that of the
bootstrap test’s size distortion.

4 Some Examples

Although the bootstrap almost always leads to very substantial improvements
in the reliability of commonly used econometric testing procedures, it is en-
tirely possible to misuse the bootstrap and end up with results no better than
those provided by asymptotic theory. In this section, we will look at a few
examples that illustrate some potential traps, and how to avoid them.

Bootstrap Tests for Serial Correlation

The problem of testing for serial correlation in regression models has been of
central concern to econometricians for roughly half a century. For simplicity,
we will restrict our attention to univariate, linear models of the form

Yt = Xt,B + Y{g5 +ug, U= Z PrUt—y + E¢, E¢ NID(O, 0'2), (27)
=1

where X; is a k x 1 vector of exogenous regressors that may be treated as
fixed, Y; is an m x 1 vector of lagged values of the dependent variable y;, and
B3 and 4 are, respectively, a k-vector and an m-vector of parameters. The
normality assumption is essential for some of our results, but not for most of
them.

One widely used way to test the null hypothesis that all the p; are zero is
based on the Gauss-Newton regression. First, estimate the model (27) un-
der the null hypothesis so as to obtain estimates 3 and 4, and residuals
Up = yp — Xt,[:} — Y,;S, and then run the regression

,
= X8+ Y0 + Zplﬁt_l + residual,
=1

where the ;_; which cannot be computed are replaced by zero. The test
statistic is the ordinary F' statistic for all the p; to be zero. It can be written
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as i
n—k—m-—r ||PM[X Y]VUH

s (28)
r My vl
where u has typical element 1, V has typical element ;_;, M[x y) denotes
the matrix that projects orthogonally off the space spanned by X and Y

jointly, and PM[ v and M Mix vV denote, respectively, the matrices that

A

X Y]

project on to and off the space spanned by M[x y V.

This approach is easy to implement, asymptotically valid, and asymptotically
optimal against local alternatives. There is evidence that it works quite well
in finite samples, somewhat better than asymptotically equivalent procedures
that use x2 rather than F tests. However, the test statistic (28) is not exact
in finite samples, and it is therefore natural to bootstrap it. The procedure is
as follows:

1. Estimate (27) by OLS under the null hypothesis that p; = ... = p, = 0 so
as to obtain @, 4, and ©@. Then construct V from @ and compute the test
statistic (28), which, following our earlier notation, we will call 7.

2. Draw B sets of bootstrap error terms, u*, and use them to generate B

bootstrap samples y*. There are numerous ways in which the error terms
can be drawn, four of which will be described below. The elements of y* are

generated recursively from the equation
Y = X8+ }’;*3 + uj, (29)

where the elements of Y,* are equal to the observed values of Y; if they cor-
respond to values of y; prior to period 1, and equal to the appropriate lagged
values of y; otherwise.

3. For each bootstrap sample, compute 7* using (28) with y* and Y* instead
of y and Y. Then compute the estimated bootstrap P value as

p(F) = % o105 2 7). (30)

We consider four different ways of generating the uj;. For the parametric
bootstrap, which we will call by, they are simply independent draws from the
N(0, s?) distribution, where s is the OLS estimate of o from the regression
run in step 1, that is, the square root of SSR/(n — k — m). For the simplest
nonparametric bootstrap, which we will call by, they are obtained by resam-
pling with replacement from the vector of u;. A slightly more complicated
form of nonparametric bootstrap, which we will call by, generates the uj by
resampling with replacement from the vector with typical element

1/2 .

(n/(n — k- m)) 1.
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The first factor here is a degrees of freedom correction. For both b; and b9, it is
assumed that there is a constant among the regressors. If there were not, the
residuals would have to be recentred and the consequent loss of one degree
of freedom would have to be corrected for. Finally, the most complicated
variety of nonparametric bootstrap, which we will call b3, generates the u}
by resampling from the vector with typical element %, constructed as follows.
First, divide each element of @i; by the square root of one minus the ¢*" diagonal
element of Pix y]. Then recentre the vector that results and rescale it so
that it has variance s2. This type of procedure has been advocated by Weber
(1984) for bootstrapping regression models. In principle, it should reproduce
the distribution of the original error terms more accurately than either b,
or bs.

When § = 0, so that there are no lagged dependent variables, the parametric
bootstrap test by is exact. In this case, under the null hypothesis, the test
statistic (28) can be written as
n—k—r o ||PMXVMXu||2
1My, v Mxul|?’

: (31)
which depends only on the matrix X and the vector w; recall that each column
of V is just Mxu lagged some number of times. The only parameter that
affects u is o, and (31), like all F' statistics, is invariant to its value. Thus
(31) is pivotal. Note that, in this case, step 2 can be simplified, since (29) is
no longer needed; we can just set the y; equal to the uj.

We have just shown that, for fixed regressors and normal errors, the para-
metric bootstrap test by for serial correlation of any order is exact. This result
is quite obvious, but it is also important. It provides a conceptually easy way
to obtain valid, finite-sample P values for tests that applied econometricians
use very frequently. Moreover, contrary to what some might expect, with
modern computing technology this procedure is not at all computationally
demanding. On a Pentium 90 personal computer (already somewhat out of
date for people who take their computing seriously), it takes only 1.1 seconds
for a reasonably efficient Fortran program to compute a test for AR(1) errors
and its bootstrap P value for a model with 100 observations and 10 fixed
regressors, using 999 bootstrap samples. If one of the regressors is a lagged
dependent variable, the time rises somewhat, but only to 2.0 seconds.

The nonparametric bootstrap tests, b; through bz, will not be exact in the
normal errors, fixed regressor case, but they will be asymptotically valid with-
out the normality assumption. None of the tests will be exact when there
are lagged dependent variables, since (28) does implicitly depend on all the
parameters through the process that generates y; recursively. However, our
theoretical results suggest that all the tests should work very well. We now
provide some evidence, based on Monte Carlo experiments, that provides
strong support for this proposition.
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Figure 5. P Value Functions for AR(1) Tests at .05 Level, n = 25

All of our experiments dealt with a test for AR(1) errors in the context of
a model with a constant term, four other exogenous variables, and a single
lagged dependent variable. The four exogenous variables were generated from
independent AR(1) processes with parameters 7, j = 1,...,4. We focused on
the coefficient ¢ of the lagged dependent variable, setting all the §; and o to
unity, because, if there were no lagged dependent variable, none of the other
parameters would matter.

Figure 5 shows PVFs, as a function of §, for n = 25 and various different
choices of the 7;, based on 100,000 replications for each value of §. These PVFs
are constructed using the ¢(n—7) distribution, since that is what most applied
workers would use. It is evident that the characteristics of the X matrix have
a very substantial effect on the finite-sample performance of the test. We
observe fairly severe overrejection in some cases, notably when all the 7;
are equal to 0.9 and ¢ is large, quite good performance in other cases, and
substantial underrejection in still others. For the PVF marked “several 7n;,”
the four values were —0.9, —0.5, 0.5, and 0.9. Interestingly, this PVF is in no
way an average of the others.
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Figure 5 was used to decide what cases to investigate in depth. Case 1 was
chosen as reasonably typical, since it has a plausible value of , 0.5, and not a
great deal of curvature. On the other hand, Cases 2 and 3 were deliberately
chosen to be ones where bootstrap tests might encounter problems, because
the PVFs display considerable curvature. The values of § are not very plausi-
ble, however, —0.9 for Case 2 and 0.95 for Case 3. It should be clear that the
fact that the t distribution works very well for Case 3 does not imply that the
bootstrap test will work well in this case. We also considered a fourth case,
in which the parameters were the same as in Case 1, but the error terms had
the t(5) distribution instead of N(0,1).

We computed the test statistic (28) and four sets of bootstrap P values
(bo through b3) for 15 different sample sizes: 8, 9, 10, 11, 12, 14, 16, 18,
20, 25, 30, 35, 40, 45, and 50. Each experiment used 100,000 replications, and
there were B = 999 bootstrap samples for each replication. These numbers
may seem rather large, but they were chosen for good reasons. As we shall see,
the bootstrap tests work extremely well. Thus, in order to detect any pattern
in the results, it is necessary to use a very large number of replications. It
was necessary to use a fairly large value for B in order to avoid power loss.
(Power will be discussed in a moment.)

The key results of our experiments are presented in Figure 6. Each panel
shows the proportion of replications with P values less than .05 for each of
the four bootstrap tests, as a function of n. The standard errors of these
proportions, as estimates of test size, are about 0.00069. Results for the
asymptotic tests are not shown, because the vertical scale would have had to
be greatly compressed. It is clear from the figures that all the bootstrap tests
work very well, except perhaps for n = 8, when the tests have just one degree
of freedom. In Case 1, all the tests work essentially perfectly for n > 9. In
Case 2, there seems to be a very slight tendency to overreject for most sample
sizes, which is somewhat more severe for b; than for the other tests. This
tendency is also evident in Case 3, where the performance of b; is a good deal
worse than that of the other tests. In view of the fact that Cases 2 and 3
were deliberately chosen so that the bootstrap might encounter difficulties,
the performance of all the tests is remarkably good. For Case 4, where the
error terms are not normal, there seems to be a slight tendency for all the tests
to underreject. This is most noticeable for the parametric bootstrap test, b,
which of course is not appropriate in this case.

Although all the bootstrap tests perform remarkably well, these results suggest
that by should be avoided and that by or b3 are the procedures of choice. They
perform equally well, just about the same as the parametric bootstrap test by
in the cases where the latter is appropriate, and slightly better than the latter
in Case 4, where by is not appropriate. Since there seems to be no cost to
using by or bg when by is appropriate, there seems to be no real reason to use
the latter.
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Figure 6. Estimated P Values for Bootstrap AR(1) Tests at .05 Level

We now turn our attention to power. It was mentioned earlier that, on a size-
corrected basis, the power of the bootstrap test should be very similar to the
power of the ¢ test. However, there is no unique way to measure size-corrected
power in a Monte Carlo experiment. All of our experiments involve a model
with one lagged dependent variable and, possibly, AR(1) errors. Thus suppose
that we generate experimental data using a DGP p; with parameters 31, d1,
p1, and o1. The results of this experiment will give us the nominal power
of the test, but not the true power. To obtain the latter, we need to run



28 R. Davidson, Notes on the Bootstrap

a matching experiment using a DGP that satisfies the null hypothesis. But
what DGP should that be?

The obvious DGP to use is one with parameters 31, d1, 0, and o;. We shall
call this DGP the naive null. There are at least two difficulties with the naive
null. The first is that it may be a long way from the actual DGP, much
farther than many other DGPs that also satisfy the null hypothesis. The
second is that the naive null depends on the way the alternative model is
parametrised. For instance, if instead of § and p we were to use  + p and p
as parameters, then the naive null, in the old parametrisation, would be the
DGP with parameters 31, 61 + p1, 0, and o1. It would clearly be preferable to
choose a DGP that satisfies the null in a parametrisation-independent fashion.
Thus it is not at all clear that the size of the test under the naive null is what
we want to use to compute size-corrected power.

Asymptotically at least, the closest null to a given fixed DGP is the null DGP
characterized by the pseudo-true values, in the sense of White (1982), that
correspond to the fixed DGP. The vector of pseudo-true values is defined as
the probability limit of the quasi-maximum likelihood estimator of the null
hypothesis under the fixed DGP. White shows that the pseudo-true values are
the parameters of the DGP in the null hypothesis that minimize the Kullback-
Leibler Information Criterion (KLIC) with respect to the fixed DGP. In prac-
tice, it is convenient simply to define the closest DGP in the null to be the
one that minimizes the KLIC. In most cases of interest, although the KLIC
formally depends on sample size, it turns out that the parameters of the KLIC-
minimizing DGP are independent of the sample size. Note that the KLIC is
a quantity defined purely in terms of two DGPs, quite independently of how
these DGPs may be parametrised.

If we start from a given DGP pu; for a given sample size n, the drifting DGP
through p; suitable for power analysis has an end point in the null, uo,
which minimizes the KLIC to it from p;. We will define the end point ug
as the pseudo-true null. Since we cannot perform a size correction of a
nonpivotal test without choosing a specific null DGP, it appears that the
pseudo-true null yg is the most reasonable one to choose. While this choice
is inevitably somewhat arbitrary, it has the advantages of being defined in
a parametrisation-independent manner and of introducing no unnecessary
dependence on the sample size. Moreover, Horowitz (1997) shows that a
bootstrap test is asymptotically equivalent to an exact test of a simple null
hypothesis consisting of just one DGP, namely the pseudo-true null. At least
for bootstrap tests, this is another indication that the pseudo-true null is the
most appropriate DGP to use for size correction even in finite samples.

With regard to the model (27), it would be quite easy to obtain the pseudo-
true null if there were no lagged dependent variable, but its presence compli-
cates matters considerably. However, it can be shown that the parameters of
the pseudo-true null for this case may be obtained as follows.
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First, regress L(1 —51L)_1X (31 on X and define by as the vector of parameter
estimates and S as 1/n times the sum of squares of the residuals from that
regression. (L denotes the lag operator.) Then the pseudo-true value of ¢ is

proi(1 —6%)

(S :5 ’
2 1t AS+O’%(1+p1(51)

where A is defined by
A= (1= pibr)(1—82)(1 - pd).

The pseudo-true value of ¢ is the square root of

9 o2 ( o2 AS >
AS+0oi(1+p161) \1 —p161  1—p3

Lastly, the pseudo-true value of 3 is given by
B2 = B1 — (02 — 61)bs.

The experiments for power were somewhat less extensive than the ones for
size. We first plotted power functions for Cases 1, 2, and 3 for various sample
sizes, in order to be able to choose parameter values which would give the tests
true power between 0.4 and 0.6. We did this because differences between the
powers of different tests are most apparent when power is neither very large
nor very small. For each case, we then picked various combinations of p and n
to investigate. For each such combination, we ran three matched experiments
with 50,000 replications each, using the same random numbers. For one of
the three experiments, the DGP was the naive null, for another it was the
pseudo-true null, and for the third it was the alternative with p # 0. Table 1
reports some results for n = 15, n = 25, and n = 50. Because the power
functions were quite asymmetrical, it was often impossible to find values of p
large enough to give power as large as 0.4 for the smaller sample sizes.

In order to calculate true power, we estimated power as a function of size,
using local polynomial regressions in the neighborhood of size .05, and then
calculated the fitted values at the point .05. The only column in Table 1 that
directly reports power is the third column, which is marked P(t,). This is
the power of the t test, calculated relative to size based on the pseudo-true
null. The next column shows the difference between the power of the ¢ test
based on the naive null, ¢,,, and the power of the ¢ test based on the pseudo-
true null, ¢,. Columns 5 and 6 show the difference between the powers of the
bootstrap test, based on the pseudo-true and naive nulls, respectively, and
P(tp). Finally, column 7 shows the difference between the two measures of
power for the bootstrap tests. The bootstrap test results here are always for
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Table 1. Power of AR(1) Tests

n | p | Plty) [P(tn) — P(t)[P(bp) — P(tp) [ P(bn) — Ptp) | P(bn) — Plbp)
Case 1

15 |—0.75 | 0.5351 —0.0096 0.0019 0.0038 0.0019

25 | —0.45 | 0.4842 —0.0105 —0.0037 —0.0047 —0.0010

50 [—0.25 | 0.4457 —0.0011 —0.0017 —0.0013 0.0004

50 | 0.50 | 0.4270 0.0059 0.0041 0.0039 —0.0002
Case 2

15 | —0.75 | 0.5685 —0.0160 0.0033 0.0009 —0.0023

25 |—0.50 | 0.5788 —0.0053 —0.0018 —0.0029 —0.0011

50 |—0.30 | 0.5435 0.0026 —0.0028 —0.0016 0.0012

50 0.50 | 0.5088 —0.0042 —0.0083 —0.0064 0.0018
Case 3

15 0.90 | 0.6011 —0.0933 —0.0276 —0.0480 —0.0203

25 0.45 | 0.5618 —0.0527 —0.0530 —0.0544 —0.0014

50 | 0.25 | 0.4204 0.0057 0.0040 0.0077 0.0038

50 |—0.45 | 0.4176 —0.0057 —0.0054 —0.0089 —0.0035

bo, the parametric bootstrap. We did obtain some results for by, but these
were always virtually indistinguishable from the results reported here.

There are at least two interesting results in Table 1. The first is that the
differences between the powers of the ¢ and bootstrap tests are generally very
small. The exceptions are for Case 3, which was deliberately chosen to be
a very difficult one, for n = 15 and n = 25. As the theory predicts, these
generally small differences go in both directions; there is no reason to expect
bootstrap tests to be systematically more or less powerful than asymptotic
tests. The relatively large differences for Case 3 with small sample sizes arise
because of the strange shape of the PVF in this case; see Figure 5. When
p > 0, the pseudo-true value of § is larger than its value in the naive null,
and the critical values for the t test are quite different for these two nulls.
Note that the difference between P(t,) and P(tp) is often greater than the
difference between P(b,) and P(t,). In other words, how we measure true
power makes a greater difference than whether or not we bootstrap.

The second interesting result in the table is that, with only one excep-
tion, the difference between P(b,) and P(b,) is always extremely small (less
than .0040). This is precisely what the theory would lead us to expect. Be-
cause the bootstrap test does an excellent job of controlling size, it is close
to being pivotal, and thus it does not matter very much whether we use the
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naive or the pseudo-true null. The only exception is for Case 3 with n = 15,
a deliberately extreme case.

The Monte Carlo results of this section strongly suggest that bootstrap tests
for serial correlation work very well even when there are lagged dependent
variables. As we noted above, for models with normal errors and without
lagged dependent variables, the parametric bootstrap test by works perfectly.
The Monte Carlo results suggest that the nonparametric bootstrap tests b
and bz should work almost equally well.

Bootstrap J Tests

There are numerous procedures for testing nonnested regression models; for
an introduction to the literature, see Davidson and MacKinnon (1993, Chap-
ter 11). One of the simplest and most widely used is the J test proposed in
Davidson and MacKinnon (1981). Like most nonnested hypothesis tests, this
test is not exact in finite samples. Indeed, its finite-sample distribution can
be very far from its asymptotic one. It therefore seems natural to bootstrap
the J test.

For simplicity, we consider only the case of nonnested, linear regression models
with IID normal errors. Suppose the two models are

Hy: y=XB+u;, wu;~ N(0,0°I), and
Hy: y=Zv+uy, uy~ N(0,021),

where y, w1, and ug are n x 1, X and Z are n X k1 and n X ko, respectively,
Bis k1 x 1, and v is kg x 1. The J test statistic is the ordinary ¢ statistic for
a = 0 in the artificial regression

y = Xb + aPzy + residuals, (32)

where Py = Z(Z"Z)71Z". Thus Pgzy is the vector of fitted values from least
squares estimation of the Hy model.

To bootstrap the J test, we first calculate the test statistic 7 by running re-
gression (32) after obtaining the fitted values from the H; model. Then we
use the parameter estimates from H; to generate B bootstrap samples. Using
each of these bootstrap samples, we calculate a test statistic 7*, and we then
compute the estimated bootstrap P value via equation (30). As before, there
are several ways in which the bootstrap samples can be generated. In our ex-
periments, we used the parametric bootstrap by and the three nonparametric
bootstraps by, by, and bz, all of which were discussed above.

If $§ denotes the estimated standard error from regression (32), the J test
statistic can be written as
y' Pz Mxy
$(y"PzMx Pzy)'/?’

(33)
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Figure 7. P Value Functions for J Tests

where Mx = I — X(XTX)"'XT. It is straightforward to show that, un-
der H,, the statistic (33) depends on both B and oy, but only through the
ratio 3/cy. Thus, if we choose a fixed vector B and let 3 = 603, the statistic
will depend on a single parameter § = §/0;1. As we shall see in a moment, the
finite-sample behavior of the test depends strongly on 6.

Our experiments were not intended to provide a comprehensive examination
of the performance of the bootstrap J test. Such an examination is provided
in Davidson and MacKinnon (1997). Instead, we deliberately chose a case
for which the ordinary J test works badly, at least for some values of . We
chose a simple scheme for generating X and Z. Each of the columns of X,
except for the constant term, was made up of IID normal random variables,
was independent of the other columns, and was normalized to have length n.
Each column of Z was correlated with one of the columns of X, with squared
correlation 0.5 in most of our experiments. All elements of 3 were equal.

Figure 7 shows P value functions for various values of n when k; = 3 and
ks = 6. These are based on the t distribution with n — 4 degrees of freedom.
The J test works relatively badly in this case, because there are 5 variables
in Z that are not in X. For the smaller sample sizes, the performance of the
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Figure 8. Estimated P Values for Bootstrap J Tests at .05 Level

J test is rather poor, except for quite large values of #. For the larger sample
sizes, the test generally performs much better, except near § = 0, where there
is clearly a singularity. The usual asymptotic theory for the J test does not
hold at this point, and we should not expect the usual theory of the bootstrap
to hold either.

On the basis of Figure 7, one might reasonably expect that the bootstrap
J test would work rather badly, because the PVF is very steep in many places
and quite sharply curved in others. The results in Figure 8 may therefore
come as a bit of a surprise. This figure shows the proportion of replications
with P values less than .05, as a function of n, for the same sample sizes as
before. Once again, the figure is based on 100,000 replications with B = 999.



34 R. Davidson, Notes on the Bootstrap

For 6 = 2, all the tests except b; work essentially perfectly for n > 10. The
reason by works less well is that it implicitly uses an estimate of oy that
is biased downwards or, equivalently, an estimate of # that is biased away
from zero. It is easy to see from Figure 8 that this will cause the b; test to
overreject. For 0 = 1, b; continues to perform poorly, but not quite as poorly,
and the other tests continue to perform well, but not quite as well. They
overreject slightly for very small values of n. For 8 = 0.5, b; performs a bit
better, and the other tests perform less well, although still better than b;.
The improvement of b; probably occurs because, as 6 gets closer to zero, the
PVF gets less steep, so the effect of bias diminishes. At the same time, the
curvature increases, and this makes all the tests perform less well. Finally,
for 8 = 0.25, which is quite close to the singularity, all the tests overreject
for all values of n. Although this is very clear statistically, it is important
to recognize that the extent of the overrejection is very modest indeed. For
example, when n = 25, the by and b, tests reject 5.27% and 5.25% of the time.
In comparison, the ¢ test rejects 37.90% of the time.

The bootstrap tests do not always work perfectly, but they do work extraor-
dinarily well, and when they do not work perfectly the reason can usually be
seen by looking at the PVF. These results by themselves do not show that
bootstrap J tests will always work well. But the fuller results in Davidson
and MacKinnon (1997) do show that, in almost all cases, they have very little
size distortion.

5 Summary and Conclusion

The bootstrap provides higher-order refinements, relative to asymptotic the-
ory, whenever the quantity bootstrapped is at least asymptotically pivotal.
This is the case for all commonly used test statistics in econometrics. A re-
finement of order n~'/2 is obtained whenever one computes the size distortion
of a test, of given nominal size, based on a bootstrap P value. A further refine-
ment, which in most cases will also be of order n~/2, is obtained whenever the
test statistic is asymptotically independent of the bootstrap DGP, or, more
specifically, of the appropriate quantile of the bootstrap distribution of the
test statistic. Since most test statistics are indeed asymptotically independent
of the estimates of the parameters of the null hypothesis produced by a wide
class of extremum estimators, such test statistics, when bootstrapped, will
benefit from this further degree of refinement. Thus bootstrap tests will, in
many circumstances, be more accurate than asymptotic tests by a full order
of n=1.

Some of our more detailed results apply, strictly speaking, only to the case of
the parametric bootstrap applied to a fully specified model. However, even
nonparametric bootstrap DGPs usually depend on estimated parameters, and
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they apparently give results indistinguishable from those of the parametric
bootstrap in some circumstances, as with the two examples studied in detail
above. Thus the analysis of the determinants of size and power of tests based
on the parametric bootstrap is of general utility for judging when a bootstrap
test is likely to behave badly.

A theoretical justification of this comes from Hall’s (1992) Edgeworth expan-
sion theory. There he shows, that, under suitable regularity conditions, the
finite-sample distributions of test statistics, when considered up to the order
of some power of n~1/2, are determined fully in terms of just a few lower
order moments of the statistic. In most cases, a nonparametric bootstrap
DGP implicitly replaces these moments by sample moments from the origi-
nal data. The relevant moments can be considered as parameters, and the
sample moments are root-n consistent estimators of them. Thus the theory
of the parametric bootstrap applies, to a high degree of approximation, to
the nonparametric bootstrap also. An example of this is provided by the
bo bootstrap, which implicitly uses a biased estimator of the error variance.

The P value discrepancy function is central to the results presented here.
For given nominal size, this function measures, as a function of the actual
DGP, the extent to which the actual level differs from the nominal level. Our
principal results can be summarized, and understood intuitively, in terms of
the properties of this function. The key point is that the probability that
a bootstrap test will reject the null hypothesis for given nominal level «,
whatever the actual DGP, is the probability, under that DGP, of a certain
region in the space of the test statistic 7 and the estimates of the model
parameters 8. This region, which can be characterized purely in terms of the
P value discrepancy function, is that in which the value of 7 is greater than
the level-a critical value of the DGP characterized by 6. It is thus just the
region on one side of a level surface of the function.

For a given DGP satisfying the null hypothesis, the value of the P value
discrepancy function is the size distortion of the asymptotic test. However,
this value has no impact on the size of the corresponding bootstrap test.
This is clear for pivotal statistics, for which the P value discrepancy function
is constant, and the bootstrap test is exact. Even the first derivatives of
the function, or equivalently the slope of its level surface, influence the size
distortion of a bootstrap test, to leading order, only if the estimates of the
parameters of the null hypothesis are biased. If they are not, then values of
the estimates that would cause the bootstrap to overreject are compensated,
to leading order, by values which would cause it to underreject. A bias in
the parameter estimates would, however, cause one effect to dominate the
other, and thus lead to a size distortion. With unbiased parameter estimates,
the leading-order size distortion is determined by the second derivatives of
the P value discrepancy function, that is, by the curvature of its level surface.
Such curvature will once again cause values of the parameter estimates leading
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to overrejection to have a greater or smaller impact than those leading to
underrejection.

We also discussed what determines the size-corrected power of bootstrap tests
compared with that of asymptotic tests. Size correction is much more of an
issue for the latter than for the former, of course. We have seen that, once
both tests are corrected for size, a bootstrap test can have different power
from the corresponding asymptotic test only to the same order as the size
distortion of the bootstrap test.

It is important to stress the fact that, although the size distortions of boot-
strap tests that we have studied are real, they are remarkably small compared
with those of asymptotic tests. In our Monte Carlo study, we went out of our
way to seek situations in which the bootstrap would be ill-behaved. Even so,
it was necessary to perform experiments of more than the usual accuracy, for
very small sample sizes, in order to discern any evidence of misbehaviour, so
as to provide confirmation of the theoretical results.

It is also important to stress the fact that, for many of the tests econometri-
cians routinely use, the bootstrap is not, with modern computing technology,
a very time-consuming procedure. We would urge the developers of econo-
metric software to make the computation of bootstrap P values for such tests
a standard feature of their programs, so that use of bootstrap tests might
become routine.
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